We determine the chiral constants of the Nucleon-Nucleon Two Pion Exchange potential deduced from Chiral Perturbation Theory. By using a coarse grained representation of the short distance interactions with 30 parameters, the Partial Wave Analysis fit gives χ 2 /ν = 1.08 to a mutually consistent set of 6713 data previously built from all published proton-proton and neutron proton scattering data from 1950 till 2013 with LAB energy below 350 MeV. We obtain (c 1 , c 3 , c 4 ) = (−0.41±1.08, −4.66±0.60, 4.31±0.17) GeV −1 with an almost 100% anti-correlation between c 1 and c 3 . We also provide the errors in the short distance parameters and propagate them to the deuteron properties and low partial waves phase shifts.
I. INTRODUCTION
The modern chiral theory of Nuclear Forces era started in 1990 when Weinberg suggested [1] using Effective Field Theory in conjunction with Chiral Symmetry to derive in a systematic and model-independent way the forces between many nucleons complying with the symmetries of Quantum Chromodynamics (QCD). The Chiral Perturbation Theory (ChPT) predicts an increasing suppression of n-body forces at long distances and hence was further elaborated [2] and confronted to NN data soon thereafter [3] . This requires the introduction of counterterms encoding the unknown short distance piece of the interaction and which are not directly constrained by chiral symmetry (see e.g. [4, 5] for reviews).
While One Pion Exchange (OPE) is a quite universal feature of most phenomenological NN interactions and a simple consequence of the meson exchange picture, Chiral Two Pion Exchange (χTPE) arises as a consequence of the spontaneous breakdown of chiral symmetry and the chiral constants c 1 , c 3 and c 4 appearing in πN scattering at low energies emerge at the Next-to-next-to-leading order (N2LO) in the chiral expansion of the NN force [6] . Because the NN interaction is a basic building block in Nuclear Physics, the consistency of both determinations is a necessary and important condition for the verification of this upgraded view of Nuclear Physics. A comparative overview of different πN and NN determinations up to 2005 is presented in Ref. [7] .
Our purpose is to extract c 1 ,c 3 and c 4 from a Partial Wave Analysis (PWA) of the 8124 published proton-proton and neutron-proton scattering data collected from 1950 till 2013 and using the NN chiral potential up to N2LO in the Weinberg counting [6] . We stress that we are not making a ChPT calculation which would only apply below energies sensing the 3π-exchange left cut, E LAB = (2/M N )(3m π /2) 2 100MeV. We rather determine the long distance tail of the potential constraining the short distance interaction with higher energies. We remind that, according to well known statistical principles, it is essential to validate the fit to the data with a χ 2 per degree of freedom χ 2 /ν ∼ 1 with ν = N Data − N par before errors in fitting parameters can be determined.
Much of the present understanding of NN interactions has profited inmensely from the long term in-depth studies of the Nijmegen group, which culminated with the concept of high quality interactions, i.e. with χ 2 /ν ∼ 1 [8, 9] . Subsequent analyses have been built upon these works by incorporating new data and potential forms [10] [11] [12] including the chiral TPE analysis of the Nijmegen group [13, 14] . In our most recent work [15, 16] a refined rejection criterium was applied and a large number of data published since the original Nijmegen PWA below pion producion threshold [8, 9] have been added to the database, almost doubling the total number. The present work represents an upgrade of the chiral TPE-PWA [13, 14] with this new data set keeping identical the long range part of the interaction, in particular the OPE and TPE part as well as the electromagnetic effects, but using the computationally convenient δ -shell representation [15, 16] for the unknown short range contribution to the NN-potential.
The paper is organized as follows. In section II we describe the main new issues considered in our analysis. Details of the fit involving χTPE are discussed in Section III. After that, in Section IV, we discuss the errors analysis of our fits. Using the covariance matrix obtained from our analysis of the data, we are in a position to propagate uncertainties and list np and pp phases with statistical errors based on χTPE potentials in Section V. Finally, in Section VI we come to our main conclusions.
II. NN DATA AND COARSE GRAINED POTENTIALS
The large body of published data is not fully consistent, as recognized by earlier high quality fits [8] [9] [10] [11] [12] , i.e. having χ 2 /ν 1. The problem was handled by using a rejection criterion at the 3σ confidence level. In Ref. [15, 16] we use a procedure suggested by Gross and Stadler [12] which essentially provides a self-consistent way of analyzing the tension among all the data and 3σ -rejecting mutually inconsistent data. This is done by using a charge dependent OPE potential plus electromagnetic effects such as vacuum polarization, magnetic moments interaction, etc. above a cut-off radius of r c = 3fm (see Ref. [16] for a recollection of formulas). The short range part is most conveniently parameterized following Aviles [17] as a sum of Dirac delta-shells located at equidistant points below r c and separated by ∆r = 0.6fm (see also [18] [19] [20] [21] [22] for further details and applications). The short range NN interaction can be written as a sum of delta-shells, so that the total potential reads
where O n are the set of operators in the AV18 basis [10] , r i ≤ r c are a discrete set of N-radii, ∆r i = r i+1 − r i and V i,n are unknown coefficients to be determined from data. The r > r c piece , V long (r) contains a Charge-Dependent (CD) One pion exchange (OPE) and electromagnetic (EM) corrections which are kept fixed throughout
The form of the complete potential includes an operator basis extending the AV18 potential [10] and specified in Ref. [15, 16] but the statistical analysis is carried out more effectively in terms of some low and independent partial waves contributions to the potential from which all other higher partial waves are consistently deduced (see Ref. [15, 16] ). The PWA allows to accept N accept = 6713 data with a χ 2 /ν = 1.04. The present work uses this fixed database which is extensively described in Ref. [15, 16] , and the same long-range potentials.
III. FIT OF TWO PION EXCHANGE POTENTIAL
In this work we keep the OPE piece with the recommended value f 2 = 0.075 [23, 24] as we did in Refs. [15, 16] and add the χTPE potential [6] to the long range piece,
We also modify the cut-off radius r c to be to be determined from a fit to the data. Namely, we take the values r c = 3, 2.4, 1.8fm. This reduces the number of delta-shells and hence the number of short distance parameters λ i,n . The three chiral constants c 1 , c 3 and c 4 of the χTPE potential will be additional parameters of the fit. Since we aim at a determination of uncertainties in these parameters we can only do so provided the fit is acceptable, i.e. χ 2 /ν ∼ 1. The quality of our fits regarding the influence of TPE in the description of the data can be judged by analyzing three different schemes which are displayed in tables I,II and III. In table I we show the χ 2 values corresponding to a direct fit to all the data without rejecting any of the published experimental results gathered from 1950 until 2013. As we see, the large χ 2 -values correspond to an unacceptable fit and hence prevent error determination and propagation. In table II we show the χ 2 values corresponding to a dynamical data base fit to all the data subjected to the 3σ criterion [8] [9] [10] [11] [12] , so that the selection of the data depends on the description of the long range interaction which in our case is χTPE and on the value of the cut-off radius r c . As we see, there is a reduction on the χ 2 value but the number of rejected data differ among each other. The data rejection triggered by the χTPE potential does not correspond to eliminate mutually inconsistent data, but rather to shape the data base to better comply to the chiral theory, and in our view represents a bias which definitely induces a systematic error in the analysis. Finally, in table III we use the fixed and consistent data from the OPE r c = 3fm analysis based on the improved 3σ criterion of Gross and Stadler [12] carried out in practice in our recent work [21] . In this case, an acceptable χ 2 = 1.1 with 30 parameters allows to determine and propagate errors.
A comprehensive overview of several high quality analyzes up to E LAB ≤ 350MeV is presented in Table VI . This includes PWA93 [8] , Nijm I [9] , Nijm II [9] , Reid93 [9] , AV18 [10] , CD-Bonn [11] , WJC1 and WJC2 [12] , PWApp-TPE [13] and PWANN-TPE [14] (here E LAB ≤ 500MeV) as well as our recent δ shell-OPE fit [15] . As one sees the quality of the fit depends both on the number of parameters as well as the total number of analyzed data.
IV. ERROR ANALYSIS WITH TPE POTENTIAL
As already mentioned, the inclusion of the χTPE potential [6] allows to describe the interaction in the region below 3fm and reduces the cut-off radius down to r c = 1.8fm, before sensing nucleon finite size effects (see e.g. the discussion in Ref. [22] ). Thus, some of the delta-shells which generally coarse grain the interaction are removed in favour of an underlying and explicit chiral representation. As in our previous PWA using OPE [15, 16] we impose the np and pp contributions to be identical in all isovector partial waves except the 1 S 0 . This yields χ 2 /ν = 1.08, a slightly higher value than with our OPE PWA, but improving over the much used AV18 potential where χ 2 /ν = 1.09 [10] where the number of data was about 60% less than in the present analysis. The most recent study based on the covariant spectator model [12] where only np was considered (see Table VI ).
The resulting short distance parameters and their errors are presented in table VIII. The first line corresponds to a coarse graining of the known electromagnetic part of the interaction as described in [15, 16] and, like there, they are fixed throughout the fitting process. As we see only the innermost λ 1 significantly differs by 25% in the np and pp 1 S 0 waves. While this isospin violation prevents in our view a sensible prediction for the nn 1 S 0 scattering length based solely on two body information (see however [25] ), it opens up an interesting possibility regarding the inclusion of known isospin breaking effects at the OPE and TPE level (see e.g. [26] for a review). The small correction found in Ref. [27] requires an assumption on the regularization at short distances, which in our approach is equivalent to treat the 1 S 0 channel for np and pp states as independent from each other.
The correlation ellipses for c 1 , c 3 and c 4 are presented for 1σ ,2σ and 3σ confidence levels in Fig. 1 . The numerical values can be looked up in Table V and compared to other determinations based on NN and πN information (see e.g. Ref. [28] for many more πN determinations).
The PWA of the Nijmegen group with the same χTPE potential [13] but a different short distance represention, included data up to E LAB ≤ 500MeV and gave c 1 = −4.4(3.4)GeV −1 which is different from our findings that make it compatible with zero. We remind that our NN analysis involves larger statistics (see Table VI ) for E LAB < 350MeV and hence the overall smaller uncertainties are not surprising. Similarly to the Nijmegen group [13] , we find a strong anti-correlation between c 1 and c 3 . This allowed them to fix c 1 although the error estimate is based on taking the πN value for c 1 = −0.76(7)GeV −1 . In our case, if we take c 1 = −0.76GeV −1 as input we get after readjusting c 3 = −4.42(7)GeV −1 and c 4 = 4.47(16)GeV −1 where, again, our errors are smaller presumably due to larger statistics for E LAB < 350MeV.
The Nijmegen group found strong correlations of the chiral constants with the pion-nucleon coupling constant [13, 14] when is different from the recommended value f 2 = 0.075 [23, 24] . This the fixed value we took both in selection of data in our previous work [15, 16] as well as here. We choose not to change the coupling constant value as this will have some impact on the data selection.
The recent values based on a χTPE fit up to T LAB ≤ 125MeV [29] are 2σ compatible with ours although no errors are reported, so it is unclear how many of the given digits are statistically significant. We find that lowering the energy range of the fit increases the uncertainties, making χTPE statistically irrelevant in that energy range (see also the discussion in Ref. [30] in connection to nuclear matrix elements). In Ref. [31] an error analysis of chiral constants from low energy NN data and the deuteron using the N2LO χTPE based on a Monte Carlo, i.e. non-parametric, error propagation, was carried out revealing a branching structure in the three planes spanned by c 1 , c 3 and c 4 . It would be useful, though computationally costly, to carry out such error analysis in our scheme.
V. ERROR PROPAGATION
In table VII we show our results for the deuteron static properties with their propagated errors and compared with our previous PWA and other high quality potentials. As we see there is a trend to produce smaller errors in the χTPE case as compared to the OPE result. The reason may be the slightly larger χ 2 value, which generically reduces the errors. The compatibility with our previous OPE study is at the 2σ -level.
The Deuteron form factors G C (Q), G M (Q) and G Q (Q) (see e.g. [35] for a review) are depicted in Fig. 2 and come out with tiny error bands that cannot be distinguished within the plot scale from the ones obtained with OPE only in our previous work [15] .
In table VIII we show the strength operator coefficients V i,n (see Eq.()) and their statistical uncertainties propagated from the experimental data via the usual covariance matrix and applying the linear transformation to the partial wave short distance parametersλ i discussed in Ref. [15] . With these parameters and the covariance matrix it is possible to also estimate and propagate statistical error bars for calculations made with the δ -shell potential.
In tables IX, X and , XI we show pp isovector, np isovector and np isoscalar phaseshifts respectively with statistical errors extracted from experimental data for the lowest partial waves at different kinetic laboratory frame energy. A global overview can be appreciated in Fig. 3 where we plot these phases. For comparison we also draw the phase shifts from our previous OPE analysis [15, 16] , the Nijmegen PWA [8] and the AV18 potential [10] . As we see they agree within uncertainties for the lowest partial waves. Unfortunately the seminal Nijmegen group analysis of chiral potentials [13, 14] , did not provide phases, so a direct comparison which would TABLE IV: Fitting delta-shell partial wave parameters (λ n ) JS l,l (in fm −1 ) with their errors for all states in the JS channel. We take N = 3 equidistant points with ∆r = 0.6fm. − indicates that the corresponding fitting (λ n ) JS l,l = 0. In the first line we provide the central component of the delta shells corresponding to the EM effects below r c = 1.8fm. These parameters remain fixed within the fitting process. 
reflect the effect of the different short distance parameterizations cannot be made. The discrepancies apparent in higher partial waves among all potentials take also place in the scattering amplitude as shown in Figs. 4,5,6,7 and suggest the presence of some small systematic errors. The systematic vs statistical errors dominance was already noted in Refs. [20, 34] . A non-parametric statistical analysis along the lines pursued in Ref. [31] for the complete database might possibly shed light into this issue and is left for future research. 
VI. CONCLUSION
We summarize our points. The chiral constants c 1 ,c 3 and c 4 characterizing the χTPE potential at NNLO have been determined with errors by analyzing NN scattering published data from 1950 till 2013 below 350MeV with a χ 2 /ν = 1.08. The values found are in the bulk of other determinations, although our higher data statistics allows to reduce previous error estimates based on NN scattering data and the deuteron. At the same time we provide quantitative error estimates of the short distance component of the interaction hence allowing error propagation of the much used χTPE interactions in Nuclear structure calculations. We have also provided extensive tables of phase-shifts with uncertainties based on the present analysis. The verification and control of errors in the NN interaction is an important test to check the validity and statistical reliability of theoretical predictions with a prescribed confidence level. Our results suggest that chiral interactions may play an important role in Nuclear Structure calculations within the errors inherited from the existing NN data. We take N = 3 equidistant points with ∆r = 0.6fm. Rows marked with * indicates that the corresponding strengths coefficients are not independent. In the first line we provide the central component of the delta shells corresponding to the EM effects below r c = 1.8fm. These parameters remain fixed within the fitting process.
Operator T LAB = 50 MeV 
